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This note is a refinement of a calculation done in Sections 5.3 and 5.4 of [2j by Corwin and Quastel. 
By improving some of the estimates, we were able to obtain the following result: 

Corollary 1. Let Tq > 0. Then there exist ci, 02,03 < 00 depending only on Tq such that for all 
T>T , 

1 - F$ e (s) < ci(e- C2Tl/3s+e " C3s3/2 ). (1) 
We will need the following useful inequality related to Stirling's approximation. For x > 0, 



1 < (2K)- l l 2 x^- x e x T{x) < e^ 12x \ (2) 

We will also use the fact from Lemma 49 of [2] that there exists a constant C > such that for all 
Re(» > 0, 



|l/r(*)| < Ce 2 l< (3) 

The essential improvement of this note over [2] is the following lemma, which gives improved bounds 
for the Airy Upper and Airy Lower Gamma functions. 

Lemma 2. Fix a constant Tq > 0, and let kt = 2 -1 / 3 T 1 / 3 . Then there exists a constant C > 
depending only on Tq such that the following inequalities hold: 

(1) 

\AF(x,Kt 1 ,0)\ < CT 1 / 3 for allxeR (4) 

(2) 

|Air(x,^\0)| < CT- 1/3 e~3 xS/2 for all x > (5) 

(3) 

|Air(x,^\0)| < CT-^e 2 ^ 1 ^ 2 for all x < (6) 
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Proof of Lemma 2: 

In this proof, C > is a constant that can change from line to line, but only depends on Tq. 



Ai r Bounds, x > 0. We begin by proving We begin by proving the x > case. 

We deform the contour to the vertical line sq + it, where so = —kt /2, t S (—00,00). On this 
new contour, 



\T{K^\ SQ + it))\ 



r(^ 1 (s + ^) + i) 



< 



K T (s + it) 
r(Re(^ 1 (s + it) + l)) 



k t 1 (s + it) 
T(k^ 1 sq + 1) 



k t (s + it) 



In the first equation, we use the functional equation T(z) = T(z + l)/z, and in the second line, we 
use the simple fact that |r(z)| < T(Re(z)). Now, 3/2 > k^sq + I > 1/2, by choice of sq. Therefore, 
we conclude that the following is true: 



\T(k t \s + U))\ < 



r(3/2) 



\k t (sq + it)\ 

r(3/2)2- 1 / 3 r 1 / 3 



< CT 1/3 . 



(7) 

(8) 
0) 



By deforming the contour, we pick up only the residue at z = 0, since the poles of T(k t 1 z) occur 
at k t x z = —n, n G N U {0}, and 



Sn = > > Kt- 

2 - 2 



Now, it is easy to verify that 



Res(e- 1/3z3+X2 r(^ 1 z),z = 0) = -4r = 2~ 1/3 T 1 



/3 
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Therefore, the following is true: 



\Ai?(x,K- 1 ,0)\<2- 1 / 3 T 1 / 3 + 



/oo 
e -3( S 0+it) 3 +2( S 0+;t) r ( K -l( So + U ^ dt 
-OO 

/oo 
e -|(sg+3sgit-3s()t 2 -it 3 )+a:(s()+it) 
-oo 

/oo 
e~ "ir s o+ s o* 2 + xs o di 
-oo 

/oo 
e-l s °l* dt 
-oo 

= CT 1/3 . 

In the second-to-last line, we use the fact that x > and sq < 0. 



dt 



Ai r Bound, x < 0. Now, we move on to the x < case. Let x = —x. We break this proof into 
three cases. 



k t 

2 ' 



Case 1: < x 1 ! 2 < kt - We deform the contour to the vertical line sq + it, where sq 
t G (—00,00). Just as in the x > case, \T(k^ 1 (so + it))\ < CT 1 ! 3 . Furthermore, just as in the 
x > case, the only residue picked up when deforming the contour is at z = 0. Therefore, 

/oo 
e Re(-|(so +i t) 3 +x( S o+^)) dt 
-00 

/oo 
e ~Ti s Q+ s ot + xs odt 
-00 

■A 

/°° 1 3 
e 24 K 2 
-OO 

< CT 1 / 3 . 

In the second-to-last line, we used the assumption that x < k^. 



4 () -l^l* 2 +^ 



Case 2: kt < x 1 / 2 < + 1. In the contour integral formula for Ai r , make the change of variables 
z = sx 1 / 2 , to find that 

Ai r (x,^\0) = [ e- i(3 / 2 )(5' 3 +«)r(/^ 1 x 1 / 2 s )x 1 /2 ds> 
■/f c ' 

where is the contour obtained by dividing each point on the contour by x 1 / 2 . 

Deform the contour f^' to the following contour: a straight line passing from — ooe - *^" to — i, a 
semicircular arc passing from —i to —i, and a straight line passing from i to ooe*~. Notice that 
the contour does not pass over any singularities when being deformed. We deal with the arc first. 
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Parameterize the arc by s = e ld , 6 G [—tt/2, it/2]. First, we bound r(K T 1 x 1 / 2 s) on this arc. By ([2]), 

\T( K ^ l x 1 / 2 e ie + 1)| < exp((x 1/2 K T 1 cos(0) + 1) log^ 1 / 2 ^ 1 cos(0) + 1)) 

< exp(((K T + l)^ 1 cos(6>) + 1) log((/c T + l)^ 1 cos(9) + 1) 

< exp(((l + k^ 1 ) cos(0) + 1) log((l + k? 1 ) eos(0) + 1) 

< exp(((l + k^) + 1) log((l + k^) + 1) 
= C. 

In the last inequality, we used the fact that kt > kt and 1 > cos(9) > for all 9 G [— 7r/2, 7t/2]. 
By the functional equation for the gamma function, 



ir^^/v 6 + 1)| cr 1 / 3 



< 



a/2 ' 



where C" only depends on kt . 

Now, we bound the exponential part of the integrand: 



< xp ( -f 3/2 ( - cos(36>) + cos(0) ) ) < 1, 



since ±cos(36>) + cos ((9) < for all 9 G [-tt/2, tt/2], as is easily verified by basic calculus. 

The integrand is therefore bounded by C ?\/2 ' x 1 ^ 2 = CT 1//3 , and since the arc has length it, the 
integral along the arc is bounded by CT 1 / 3 . 

Now, we move on to the rays. By symmetry, it is enough to prove the CT 1//3 bound on the upper 
ray, parameterized by s = i + re l ^~ , r G [0, oo). We split the argument into two parts. 

The first part is when r < f .-1^1/2 ~~ lj • Let z = k^ 1 x 1 / 2 s. Then by choice of r, the following 
is true: 



3tt 

> ite(z) = Ky 1 x 1/2 (rcos(— )) > -1 + k t x x 1/2 . 
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Thus, 1 > Re(z + 1) > k^x 1 / 2 . Therefore, 

|r(* + i)| 



r z) 



< 



< 



\z\ 

2- 1 / 3 T 1 / 3 |r(Re(z + l))| 

2 -l/3 T l/3 r(K -l i l/2 ) 



£1/2 
2-1/3^1/3 

< -j- — exp(K 7 ^ 1 x 1 / 2 log^^x 1 / 2 ) 

2 -l/3 T l/3 

< — -z^ — exp(K T (kt + 1) log(K T (k t + 1))) 

CT l/3 



< 



£1/2 • 



The second part is when r > -4=( — 1). Choose a natural number /c such that 1/2 < 

V2 k t x 1 ' i 

Re(z + k) < 3/2. Note that k > 2, since by choice of r, Re(.z) < —1. Also, note that for all j > 1, 
\ z + j\ > |I m (-2)| > 1) by choice of r. Therefore, by repeatedly applying the functional equation of 
the gamma function, we see that the following is true: 

= |r(z + fc)| < \T(Re(z + k))\ < 2 -V3 r i/3 r(3/2) < CT i/3 

1 |z||z + l|---|z + /c-l| - \z\ - x l / 2 \i + re i ^\ ~ % 1/2 

Now, we address the exponential part of the integrand: 

|exp(-x 3/2 (l/3s 3 +s))\ = exp(Re(-x 3/2 (l/3s 3 + s))) = exp ( -x 3 / 2 r 2 - x 3/2 r 3 ^) . 
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Therefore, the integral on the ray is bounded above by the following: 



/ exp(-x 3/2 r 2 ) — — — x 1/2 dr < 
Jo x 1 ' 2 



c 3 / 4 ' 



Case 3: kt + 1 < x l l 2 . In this argument, we use the same contour as in Case 2. We prove the 
CT 1 ! 3 bound on the semicircular arc first. We start with bounding the gamma function. By the 
functional equation for the gamma function, and ([2]), 

ITV -1-1/2 Us\ <, ZM^T 1 * 112 COs(fl) + 1) log^S 1 / 2 COs(g) + 1)) 

|rK x I e )| < . 



As for the exponential part, it is easy to verify using calculus that as a function of 6, 

Re{-x 3/2 {h 3 + s) = -x 3/2 (l/3cos(360 + cos(0)) 
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decreases on [— tt/2, 0] and increases on [0, 7r/2]. The same is clearly true for (k t 
1) log(«y cos(9) + 1). Therefore, the following is true for s on the arc: 



_ x 3/ 2( l s 3 +s)r(K _ l5 _3 /2s) , 1/2 



a ,„ -, , , p («^ 1 5 1 /2 C os(f)+l)log(«^ 1 5 1 /2 C OB(f) + l) 

3j3/2 ( l ^(3.^(3^ ^ T 2 ' Z.l/2 



K/rp 



_ 2-l/3j.l/3 

Since the arc has length tt, we conclude that the integral along the arc is bounded above by CT 1 / 3 . 

Now, we check the CT 1 ' 3 bound on the rays. By symmetry, it is necessary only to check the bound 
on the upper ray, s = i + re l ~ . Choose a natural number k such that 1 < Re(z + k) < 2. Note 
that \z + j\ > Im(z + j) > k^x 1 / 2 > 1 for all j > 0. By again repeatedly applying the functional 
equation for the gamma function, the following holds: 

\rU-^U + re^))\ < lT{Z + k)l < T(2) < ^ 

I ( t ( + e ))| -NN + i|---k + fe-i|-|^v 2( , + re ^)|- xV2 • 

The exponential part is easily bounded, as follows: 

exp(-x 3/2 (l/3(i + re^f + (i + re l T))) < exp(-r 2 x 3 / 2 - r 3 x 3/2 — ). 

6 

Therefore, the integral along the ray is bounded by the following: 



/ exp(-r 2 x 3/2 ) 1/0 f 1/2 aV < 
Jo ^ 7 



=3/4 



Air Bound, x > 0. 



Case -Z: < x 1 / 2 < kt - In this case, we deform the contour f„ to the contour z = 1 + ri, 
r G (—00,00). The function I/T^k^z) has no singularities, so we do not pick up any residues. By 
([3]) and the functional equation for the gamma function, it now holds that 

l^ 1 + ")l < CT-^il + r ) e 2«? 1 (2+r 1 ^)_ 



|r(^ x (i + H) + i) 



Therefore, the integral is bounded as follows, with suitable C,C: 

/OO 7*00 j 

exp(l/3(l + ri) 3 - x(l + ri))CT" 1/3 (l + r)dr < CT" 1/3 / exp(l/3 - r 2 - x)(l + r)e 2K ? {2+r 
-00 j —00 



< c'T~ 1/3 e~ 2/3x 



3/2 
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Case 2: kt < x 1//2 . In this case, we make the usual change of variables z = sx 1 / 2 . We are free to 
deform the contour T' to a steepest descent contour that passes along a straight line from ooe _l 3 
to 1, and then on a straight line from 1 to ooe*3 . By Stirling's approximation, it is easy to see that 
1/T(z) is bounded above by an absolute constant on both rays. Therefore, again by the functional 
equation for the gamma function, 



T{kt 1 x 1 / 2 s) 



< CT~ l > z (l + r)x l 



/2 



The integral along the upper ray is bounded by the following: 

r ^ddwi ) 3 +dWf )) CT -i/s (1 + r)xdr = cr -i/3 e -§*3/ 2 r 

Jo Jo 



< 



CT -l/3 e - 



,3/4 



_I r a a .3/2_ a ,3/2 r 3 +log ( a .( 1+r ^ 



e 2' 



dr 



Air Bound, x < 0. Again, let x 



-x. 



Case 1: < x < kt - ■ We deform the contour to the vertical line 1 + ri, r £ (—00,00). We 
have already shown that 

I I < CT^il + Ir|)e 4 ^ 1 ( 1+ I'-I 1/2 ) 

'r(K-V) 1 " 

on this contour. Therefore, the integral is bounded above by the following: 

/OO fOG 
e Be(l/3(l+rt)»- a »(l+ri)) CT -l/3 (1 + r ) e ^Hl+\r\^' dr = ^-1/3^/3-. / + \ r \y^T\^V\^) dr 

-00 J — 00 

>/ — 00 

which is bounded by CT -1 / 3 because x < kt - 



Case 2: kt < x 1 ! 2 . . In this case, we first make the change of variables z = sx 1 ! 2 . Then, we 
deform the contour to the contour (in the s-plane) made up of a straight line passing from ooe _ *4 
to —i, then a straight line from — i to i, and finally a straight line from i to ooe 1 *. 



We deal with the vertical line segment from — i to i first. We parameterize the vertical line segment 
by s = -i + ti, t G (0,2), so by El 
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r(K T 1 X 1 /2(_i + ^)) 



" |r(K^ 1 X 1 /2(_i + ^) + l)| 

< (7J-V3jl/2 e 2|KT 1 5 1 /2(_j +it ) + i| 

< CT-WxWe* 1 * 1 * 1 '*. 



On the vertical line segment, the exponential part is bounded as follows: 

| exp(i 3/2 ((l/3(-i + tif + (-« + i*)))| = 1. 

Since the length of the line segment is 2, we conclude that the integral on the line segment is 
bounded by CT^x^e^x 1 / 2 = CT^xe ^ 1 ^ 2 . 

Now, we consider the integral along the ray. By symmetry, we only consider the upper ray. We 
parameterize the upper ray by s = i + re 2 * , on which it holds that 



1 



r^W^i + re**)) 



< CT-V3£l/2( 1+T .). 



The exponential part of the integrand is bounded by 

| exp(x 3/2 (l/3(i + re^ f + (i + re**)))] < exp(-x 3/2 r 2 )dr, 
and hence, the integral along the ray satisfies 

fOO 1 poo 

/ exp(5 3 / 2 (- S 3 + S ))CT- 1 /3 5 i/2 (1+r)5 ;i/2 (ir < CT -i/3~ / exp (_ 5 ;3/2 r 2 )dr 

= CT- l l*x~ l '\ 

1. Upper Tail of Crossover Distribution 
We give upper bounds for the upper tail of the following [2]: 



e-^[det(J-^rfi)-deti], 



where Kt n is evaulated on L 2 (s,oo) and 



-i/£f/ 3 , rAi r (x + i, k t \ 0)Ai r (x + t, k t \ 0). 

1 1 — H 
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In order to prove our upper bounds, we follow [2] directly, but use the new bounds for the Ai r and 
Air we proved in the last section. We factor the operator KT,mu into a product of two Hilbert- 
Schmidt operators, bound them, and then use the continuity of the Fredholm determinant. We will 
be consistent with the notation and structure of [2j in order to make the argument easy to follow. 

By i, 



where A = U l KT,fJJ , and 



det(I - K T;[i ) = det(I - A), 



Uf(x) = (x 4 + l) 1/2 f(x) 



We factor A = A X A 2 , where A 1 : L 2 (R) ->■ L 2 (s,oo), A 2 : L 2 (s, oo) -> L 2 (R), and A\ and A 2 have 
the following kernels: 



Ai(x, t) = Af{x + t, k? 1 , 0)(x 4 + l)- 1 ' 2 ^ + I)- 1 ' 2 



(10) 



A 2 (t,y) 



-Kft 



^Ai r (y + t, k^ 1 , 0)(x 4 + l) 1 / 2 ^ 4 + l) 1 / 2 



(11) 



We will use the fact that since Ai and A 2 are Hilbert Schmidt and A\A 2 = A, 



\det(I + A) -det/| < p||ie l|A||l+1 < ||Ai||2p2|| 2 e l|j4l||2||A2||2+1 . 



(12) 



By @ and the definition of the Hilbert-Schmidt norm, the following is true: 

roo roc 

\\Ml = / / (^ r (^ + t,^ 1 ,o)(x 4 + i)- 1 / 2 (t 4 + i)- 1 / 2 ) 2 dx^ 

J s J — oo 

/OO f'OO 
/ (x 4 + l)- 1 / 2 (^ + 1) -l/2 ) 2^ 
-oo J — oo 



(13) 

(14) 
(15) 



In order to bound A 2 , we will use the following bound, along with the bound we proved for Air'. 



/2 



-Krt 



< C\fl\(e 2KTt Al) 



(16) 



which is formula (116) in [2]. 
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By our upper bounds for Ai T ', the following is true: 

j dx J dt(e 2KTt A l)e-*l* + *l 8/ V + l)(t 4 + l) 

/*oo /* — X \ 

+ dx dt(e 2KTt A l)|x + t|e 2K ? 1|a;+ * |1/2 (x 4 + l)(i 4 + 1) ) C|/i| 2 (/l + h)- 

J s J — oo / 

First of all, notice that since s » 1, t < over the range of the inner integral. Thus, e 2Krt A 1 = 
e 2K T t j n j-^g j nner integral. Make the change of variables u = i/x in the inner integral. Then the 
integral now has the following form: 

/_l 
-oo 

Now, choose s > 64k^ 4 . Then since x > s, it is easy to verify that 

—2ktx + Sk^}\x\ 1 ^ 2 < —ktx 
This implies the following inequality: 

/■OO /• — 1 

/ 2 < / da;/ xdne- KT:r "|x + nx|(x 4 + l)((xu) 4 + l) 
< C7e- KTS s 9 . 

Now, we bound ii. We write I\ = 1% + J4, where the i-integration runs from — x to — x/2 in I3, and 
the i-integration runs from —x/2 to 00 in 14. Now, 

/oo r—x/2 
dx / dte 2KTi (x 4 + l)(i 4 + 1) < CsV^ 5 , 
J — a; 

and 

/oo /*oo 
dx / dte-^l^l^^x 4 + l)(t 4 + 1) < Cs 8 e- cs3/ \ 
J -x/2 



Therefore, 

1 2 <r r<l,-,|2 c 9/ -KTS , c -cs 3 /^ 



-x/2 

\A 2 \\ 2 2 < C\fi\ z s 9 {e~ KTS + e 



Now, we combine our estimates for A\ and A2, use 1121 and conclude the following: 

I det(J - K T ,fi)\ < C\\jl\\s 9/2 (e- KTS + e~ csm )e^, 
where we have chosen s large enoug h that Cs 9 l 2 {e- KTS + e~ cs3/2 ) < 1/2. 

Now, we insert this estimate into the formula for the probability distribution: 
\1-F^ e (s)\< / \ e -^\^\\fi\\s^ 2 (e- KTS + e~ cs3/2 )e^ 

Jc ImI 

< Cs 9 ' 2 {e- cTiris + e" cs3/2 ). 
In the second inequality, we have used the fact that | e~^|/2|4&-e2'^' | converges. 
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Now, T > To, so for all sufficiently large s, there exists d > such that the following is true: 



. -r-'T 1 / 3 ? , -r's 3 / 2 

<e« +e . 



Therefore, we conclude the following: 



|1 _ F^ e (s)\ < C(e- c ' Tl/3s + e" c ' s3/2 ). 
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